We study a waveguide QED system with a rectangular waveguide and a two-level system (TLS) inside, where the transverse modes TMmn define the quantum channels of guided photons. It is discovered that the loss of photons in the TM11 channel into the others can be overcome by replacing it with a certain coherent superposition of TMmn channels, which is named as the controllable channel (CC) as the photons in CC can be perfectly reflected or transmitted by the TLS, and never lost into the other channels. The dark state emerges when the photon is incident from one of the scattering-free channels (SFCs) orthogonal to CC. The underlying physics mechanism is the multi-channel interference associated with Fano resonance.
However, a realistic waveguide with a finite cross section necessarily possesses transverse modes. Thus, photons guided in the realistic waveguide may be in different quantum channels defined by transverse modes. Each transverse mode has a cut-off frequency for the corresponding guiding mode. To demonstrate multi-channel effects on single-photon scattering, Ref. [21] made an approximation using two modes and a quadratic dispersion relation, and showed that the guided photon cannot be totally reflected due to the loss from one mode to the other. In other words, the quantum device oriented functions we desire can not be well achieved . In order to overcome such multi-channel loss, we will revisit the waveguide QED by considering a realistic hybrid system without any over-approximation.
In this letter, we study single-photon scattering by a TLS locally embedded in a waveguide of finite rectangular cross section. In our approach, both the real dispersion relation and multi-channel effects are exactly taken into account. As for the multi-channel induced loss, we find that there exists a unique controllable channel (CC) defined by a particular superposition of the transverse magnetic modes TM mn , in which the guided photons can * Electronic address: cpsun@csrc.ac.cn; URL: http://www.csrc.ac.cn/suncp/ be well controlled by the TLS since the guided photons in the complementary channels orthogonal to CC are completely decoupled from the TLS. Such a scattering free channel (SFC) behaves as the dark state to support the electromagnetically induced transparency (EIT). The controllable channel and all SFCs make up the whole single-excitation Hilbert space of the waveguide QED system. In the controllable channel the quantum interference between the incident wave and the scattered one leads to a Fano resonance [22] , so that the photon could be perfectly reflected or enabled to be completely transmitted by the TLS. Therefore, using the CC to guide photons we can well exploit the quantum device oriented functions of the TLS in a realistic waveguide. Photon scattering by a TLS within a rectangular waveguide.We consider a waveguide of rectangular cross section with area A = ab, as shown in Fig.1 . The guiding modes in such a realistic waveguide are labeled by (m, n, k), with (m, n) the transverse magnetic mode TM mn (standing wave-numbers in the cross section are k x = mπ/a , k y = nπ/b) and k the propagating wavenumber along the z-direction. Each transverse mode (m, n) has the cut-off frequency
The dispersion relation of the TM guiding modes of the waveguide. Ω1 = 2.23607, Ω2 = 3.60555, Ω3 = 6.08276. The energy is in the unit of π/a. The photon with energy E > Ω3 can propagate in different modes with the wavenumber k = k1, k2, k3 etc.
= 1 = c is used). According to the ascending order of the cut-off frequencies, we replace (m, n) with its sequence number j , that is j = 1, 2, 3..... denote the transverse modes TM 11 , TM 31 ,TM 13 .... respectively. The dispersion relation of the guiding modes is given by ω j,k = Ω 2 j + k 2 , as plotted in Fig.2 . The TLS of transition frequency ω a is located at r a = (a/2, b/2, 0), whose ground (excited) state is denoted by |g (|e ). The dipole oriented along the z-direction couples the TM electric field. With the atomic rising (lowering) operator σ + (σ − ) ≡ |e g| (|g e|), the total Hamiltonian H = H 0 + V of the hybrid system is given by the free part
and the dipole interaction
Here, the mode-dependent coupling strength reads
with j ≡ (m, n), g = d/ √ πA. The matrix element d of the dipole transition is set to be real. Note that the coupling strength vanishes for even integers m or n.
We now consider single-photon scattering in the waveguide QED system. For a single photon initially in the
, j g j k
, j g j state |φ in = a † j,k |∅ with energy E = ω j,k , the scattering state assumes the form
which ensures the conservation of the excitation number in the single excitation subspace. Here, |∅ represents the TLS in the ground state and the waveguide field in vacuum. The amplitudes U g and U e are obtained from the Lippmann Schwinger equation
The elements of the scattering matrixŜ can be obtained from the scattering state as
where
are the real and imaginary parts of the self-energy Σ(E) = ∆(E) − iΓ(E) respectively. For detailed calculations of the scattering matrix element, see the supplemental material.
Single channel scattering and its loss. It is known that a TLS acts as a quantum switch for single photons confined in a single-mode waveguide [5, 8, 9, 13] . To keep a photon propagating in a single quantum channel, this realistic waveguide is required that: 1) The cross section must be so small that Ω 2 − Ω 1 is large enough; 2) The energy of the input photon ω 1,k is below the cutoff frequency Ω 2 , i.e. k < Ω 2 2 − Ω 2 1 . Under these conditions, Eq.(5) gives the reflection amplitude in the TM 11 mode as
Obviously, the total reflection occurs in the resonance condition in previous studies [5, 8, 9, 13, 21] , the Lamb shift ∆(ω a ), which arises from the renormalization of the TLS's energy level, has been ignored due to the use of the quadratic or linear dispersion approximation.
In Fig.4 , we plot the reflectance R = |r| 2 as a function of the incident energy E = ω 1,k . A single photon confined in the TM 11 mode (see Fig.4(a) ) is indeed perfectly reflected by the TLS provided that ω a is in the central domain of the range [Ω 1 , Ω 2 ]. However, the position of the total reflection experiences a blue shift to ω a due to the renormalization, which becomes larger as the coupling strength increases. We note that total reflection also occurs when E → Ω 1 + 0 + , which is referred to as the cut-off frequency resonance [21] . When the incident energy E is above Ω 2 , higher-order modes and the induced multi-channel interference effects must be taken into account. The reflectance with E ∈ [Ω 2 , Ω 3 ] is plotted in Fig. 4(b) . Although ω A still determines the reflection peak, the maximum becomes smaller than unity, showing that single photons in the TM 11 mode experience a finite loss due to the existence of the higher-order modes in a realistic waveguide. Actually, this loss is caused by the TLS mediating the resonant tunneling process between the TM 11 mode and higher-order modes.
Controllable channel versus scattering-free channels. Now, we study the quantum interference among different TM mn modes. We assume that a single photon with energy E incident from the negative z-direction is initially in this superposition state
where j max (E) is the highest mode a photon with energy E can reach, fixed by the condition Ω jmax(E) < E < Ω jmax(E)+1 . The complex coefficients ϕ j (with j = 1, 2, 3..) represent the amplitudes in the jth mode.
Here, k j = E 2 − Ω 2 j (j = 1, 2, 3 · · · ) takes the discrete values illustrated in Fig.2, i. e., the crossing points between the horizontal line ω j,k = E and the dispersion curves. With the scattering matrix elements in Eq. (5), the multi-channel outgoing state |φ out ≡Ŝ |φ in reads
j,kj and a † j,−kj are the right-and left-going creation operators respectively.
For a photon with energy E, the Hilbert space can be decomposed as the vector ϕ (c) , which is proportional to the vector g ρ(E) ≡ g 1,k1 ρ 1 (E), g 2,k2 ρ 2 (E), · · · , g jmax,kj max ρ jmax (E) , and the complementary subspace, which is spanned by the vectors ϕ (F ) orthogonal to g ρ(E), i.e.
jmax(E) j=1
Obviously, single photons incident in the states ϕ (F ) from one side of the rectangular waveguide will be completely transmitted to the other side. Thus, the vectors ϕ (F ) span a so-called scattering-free subspace to define the SFCs where the confined photons are decoupled from the TLS. This phenomenon is similar to the dark state of a three-level atom to support the electromagnetic induce transparency (EIT). Actually, the scattering-free state |ϕ
j |j, k j (with the photon energy E) can be understood as a multi-component dark state as illustrated in Fig.3 . There exist the multi-channel transitions from |g; j, k j (j = 1, 2, · · · j max ) to |e . The quantum interference among these channels results in the transparency of the TLS with respect to the incident photon. Thus, no reflected photon is observed.
The remaining vector orthogonal to the scattering-free subspace, defined by ϕ (c) j ∝ g j,kj ρ j (E), is regarded as the controllable channel. In this channel, the TLS scatters the incident wave coming from the right into a superposition of the right-and left-going waves, which we de- (8) the right-and left-going wave function is obtained as
which is proportional to the incident wave function ϕ
guarantees that there is no loss in the scattering process. Furthermore, in the weak coupling limit, one can observe a perfect reflection once the incident energy E matches the renormalized energy ω A of the TLS with the Lamb shift ∆(ω a ). As the cross section of the waveguide increases, the dimension of the scattering-free subspace increases for a given incident energy, but there still exists one controllable channel. Therefore, total reflection can always be observed as long as the incident photon is prepared in the controllable channel, regardless of how large the cross section is.
When the incident energy approaches any cut-off fre-
j . Consequently, single photons in the controllable channel can also be totally reflected when the energy of the photon matches the cut-off frequency Ω j of any TM mn mode. We refer to the total reflection due to Γ(E) → ∞ as the cut-off frequency resonance [21] .
In Fig.5 , the reflectance spectrum is numerically plotted for single photons incident in the controllable channel or in the TM 11 mode. It can be found from Fig.5(a) that when higher-order modes are taken into account, it is impossible to find a constructive interference between the incoming wave and the spontaneous emission from the TLS in a given mode. However, single photons spontaneously emitted by the TLS are confined to the controllable channel. Consequently, spontaneous emission of the excited TLS can be exploited to control the coherent transport properties of single photons in the controllable channel, as shown in Fig.5(b) . And the position of the total reflection is shifted from the atomic transition frequency due to the Lamb shift.
If the TLS-waveguide coupling is too strong, the resonance energy E R can only be determined by solving the transcendental equation E R −ω a −∆(E R ) = 0, which may have more than one solutions, rather than the single solution E R ≃ ω A = ω a +∆(ω a ) in the weak coupling limit. Here, we consider the contribution of several low modes to the Lamb shift and a precise calculation shall be presented elsewhere. By including more modes, multi-peaks are observed in the reflectance spectrum as illustrated in Fig.6 .
Conclusion. We have carried out a systematic study about the coherent scattering of single photons by a TLS in the realistic rectangular waveguide. Usually, the dipole oriented along the z−direction may scatter single photons guided in a TM mn mode into the others, but a photon with energy E < Ω 2 incident in the TM 11 mode can still be confined in TM 11 after scattering. In this case, the TLS acts as an ideal quantum switch when the renormalized frequency ω A is in the range (Ω 1 , Ω 2 ). However, with higher energy E > Ω 2 , the single photons incident in TM 11 resonantly tunnel to higher-order modes via the TLS.
For an artificial atom of transition frequency ω A ≃ 10.2GHz [23] to work as a quantum switch, the two lowest cut-off frequencies of the waveguide should satisfy ω A ≃ 1 2 (Ω 1 + Ω 2 ), leading to the size of the cross section a/2 = b ≃ 2.1cm. Correspondingly, Ω 2 ≃ 79.1GHz, so that the scattering of microwave photons with energy E 79.1GHz cannot be confined in the single mode TM 11 and thus the multi-channel effects (loss and interference) are involved. If we want to control photons with higher energy, e.g. with energy about ω A ≃ 1000GHz, then we should use a waveguide of the size a/2 = b ≃ 2.1µm to work in the single mode region. Conversely, if b > 2.7µm, i.e. Ω 2 < 1000GHz, then the waveguide works in the multi-channel region, and in consequence we must utilize the controllable channel scheme to overcome the channel loss. The existence of the unique TLScontrollable channel and the complementary scatteringfree channels guarantees the success in controlling single photons in a realistic waveguide with a finite cross section.
